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Abstract

The eureka, or aha!, phenomenon, associated with the suddenness
of insight, is characterized by moments when the solution to a problem
suddenly comes to the problem-solver without warning. Mathematical
properties of problems related to a problem’s susceptibility to solution
via eureka moments are presented. An experiment carried out con-
firms three claims: (i) Eureka moments are not sufficient for insight,
(ii) the eureka phenomenon is sometimes best explained by mathe-
matical properties of problems, and (iii) other theories of the eureka
phenomenon are not complete.

1 Introduction

This work’s topic is not insight, but the suddenness of insight, which
is sometimes called the eureka, or aha!, phenomenon. The eureka
phenomenon is characterized by those occasions when the solution to
a problem you are attempting to solve “hits” you without warning.
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Insight and the eureka phenomenon are so intertwined that the phe-
nomenon is sometimes taken to define insight [13, 10]. However, the
phenomenon is arguably independent of insight ([27], p. 166) and I will
argue that it is at least insufficient for insight. Metcalfe [12] carried
out studies in which problem-solvers while working on problems give
at regular intervals warmth-ratings representing how near they feel
they are to the solution. In this paper I use Metcalfe’s warmth-rating
records by problem-solvers during problem-solving to operationally
define the eureka phenomenon: Eureka moments are those moments
when a problem-solver’s warmth-rating jumps rapidly just before or as
the problem-solver finds what he believes to be the solution. Problems
are solved through non-eureka moments when the warmth-ratings rise
incrementally during problem-solving. I present a theory of problem-
solving and warmth-ratings which states that there are mathematical
reasons explaining why for certain problems it is more difficult to give
incremental warmth-ratings, and thus these problems are more suscep-
tible to eureka moments. These mathematical observations motivate
certain predictions concerning which problems are more likely to lead
to a eureka moment. The experiment tests one of these predictions
and provides confirmation of the theory. The experiment also confirms
that eureka moments are insufficient for insight, since the problem in
the experiment on which a eureka moment is experienced is not an
insight problem by any standard. Finally, we will see that no other
theory plausibly explains the results of the experiment, which implies
that the conditions specified for eureka moments in every other theory
are not necessary conditions for the phenomenon.

For the remainder of this section I present the psychological model,
the model of what are problems, a formal notion of warmth-monitoring
the solving of a problem, constraints on problem-solvers within the
model attempting to warmth-monitor problems, and the theory for
why problem-solvers experience eureka moments.

The Model

Problems are modeled as functions. For example, the function EVEN
such that EVEN(z)=YES if z is even and NO otherwise is the problem
of finding even numbers. While EVEN is the problem, EVEN(z) is
an instance of the evenhood problem; e.g., EVEN(4) represents the
question, “Is 4 even?”



Human problem-solvers are modeled as computational agents ca-
pable of computing only those functions—i.e., capable of solving only
those problems—that are computable by a Turing machine. Human
problem-solvers run “programs in the head,” and in attempting to
solve a problem they are assumed to run a program intended to com-
pute the function corresponding to the problem. More accurately, hu-
man problem-solvers in the model attempt to solve problem-instances
of problems, and they run the program intended for that problem on
the problem-instance. The output of the program is the problem-
solver’s attempted answer to the problem-instance. Note that this
model of human problem-solvers is just a weak computational model.
Computational models are commonplace, and the only unique aspect
of this one is that there are no specifics and so it is a generalization
of every particular computational model. Also note that no claim has
been made concerning what the program in the head for the function
is computing. A single program used to solve an instance of a general
problem does not imply that a single sort of problem-solving tech-
nique is employed, or that a search through just one problem search
space (or problem representation) is carried out. Although at some
level of explanation it might be useful to, if possible, tease apart the
single program into multiple programs used in different circumstances,
there is under this model ultimately just a single (possibly very com-
plicated) program being run. Finally, there is no commitment in this
model of problem-solving that the problem-solver is conscious of the
steps being carried out.

Warmth-monitorability

Motivated by the eureka phenomenon I have developed a theory of
“warmth-monitorable functions” ([3], Sections 1 and 3) where, infor-
mally, a function is warmth-monitorable if there exists a program com-
puting it that is capable of keeping tabs on how near it is to halting.
Rather than giving the formal definition of warmth-monitorability,
which is beyond the scope of this paper, I communicate the idea with
several examples.

Suppose you are asked to compute the function f(z) =z + 7 and
that each step of your computation may only consist in adding one
to a number. No matter what input, or problem-instance, I give you,
all you need to do is take seven successors of the input and you are



finished. You can be sure that it will take you just seven steps to get
to your solution, and you will not be at all surprised when you get to
it. You are able to “keep tabs” on your progress: “Seven steps left.
Six steps left. Five steps left. Etc.” And at each stage you have a
quantitative measure of how “near” you are to finishing. Imagine that
you have a “warmth clock” in your head that is set to a fixed value
before seeing the input, and is decremented so that when the clock
hits zero the solution is found. You know how near, or warm, you
are to finishing the problem-solving by noting how near the clock is
to zero. In the case of f(x) = z+ 7 the warmth clock may be initially
set to seven, and this suffices for every instance of the problem. I say
that this function has a warmth-monitoring degree of seven.

Now consider a more difficult example: g(x) = 2z. Again assume
that each step in computing the function may only consist in adding
one to a number. No matter what input z I give you, it will take x
applications of successor to get to the solution. Again you will not
be surprised when the solution is reached, and this is because you are
able to count down, “z steps left. = — 1 steps left. Etc.” What should
the warmth clock be initialized to, however? If we try to set it to
any particular natural number, there will be inputs x larger than that
number and the warmth clock will then get to zero before the function
is computed. This is where transfinite ordinals enter (do not worry
if you do not understand ordinals—the informal presentation should
communicate the main idea without the reader needing to understand
ordinals). w is the least ordinal greater than every natural number,
and it suffices to initialize the warmth clock to w for function g. On
any input z, your first act is to decrement the clock from w to z. Then
it takes & computations to finish. The warmth-monitoring degree in
this case is, then, w. While seven computations are required to solve
f, one decision about how many more computations to engage in is
required to solve g: “I will allow myself only one decision concerning
how many computation steps I will allow myself, and I must make
the decision immediately.” For f, on the other hand, the sentence is,
“I will allow myself exactly seven computation steps.” The ordinal w
indicates that one decision is needed concerning how many steps are
to be taken in solving the problem.

Let us move to a still more difficult warmth-monitorable function:
h(z,y,z) = = +y + z. To solve this problem it suffices to take y
successors of z, getting y + z, and then to take z successors of y + z.



There are no surprises here either, since you realize that you must
first count down through y, and then count down through z; then
and only then will you be finished. Although this is still warmth-
monitorable, there is a sense in which it seems a bit more difficult
to warmth-monitor than f or g. What should the warmth clock be
initialized to? To help guide us in its initialization realize that you
need to make two decisions in order to solve h: the first is to allow
yourself y steps for taking the successors of z, and the second is to
allow yourself z steps for taking the successors of y + z. You cannot
just make one decision to, say, allow yourself x + y steps for that
many successors of z, since you have not yet computed the value of
x + y. Therefore, it is not sufficient to initialize the warmth clock to
w because this allows only one decision. w + w (which is the least
ordinal greater than every ordinal of the form w + n) might seem to
be the proper initialization of the warmth clock, and indeed it is. On
any three inputs x,y, z your first act is to decrement the clock from
w—+w to w+y. After y successors of z are taken the clock is at w. You
then decrement the clock from w to x and take x successors of y + z,
at which point the clock is at zero and the problem has been solved.
“I will allow myself two decisions about how many computations I
will allow myself, the first which must be made immediately.” The
warmth-monitoring degree of h is w + w (or w - 2), and this indicates
that two decisions are required.

I conclude this series of examples with just one more. Take t(x) =
z2. To compute this using only the successor it suffices to take x
successors of x to receive 2z, then x successors of 2z to receive 3z,
then x successors of 3z to receive 4z, and so on x times. Again there
is no surprise. Let us look at this at the level of decisions. Your first
decision needs to be about how many times you will take = successors
of things; in fact, you will need to do this z times. Taking z successors
requires a decision, however. Thus, your first decision is about how
many decisions you require: “I will allow myself exactly one (second-
order) decision concerning how many (first-order) decisions I will allow
myself.” It turns out that the warmth-monitoring degree for this is
w? (which is the least ordinal greater than ordinals of the form w - n).
On input z, your first decision is that you need x decisions, so you
decrement the clock to w - z. You then use up your first of these
z decisions by deciding to allow yourself x successors of z, so you
decrement the warmth clock to w- (z — 1) +z. Once you have taken 1z



successors of x the clock is at w - (z — 1) and you have computed 2z.
You then use up your second decision by deciding to allow yourself z
successors of 2z. You do this by decrementing the clock to w-(z—2)+z
and taking  successors of 2z, at which point the clock is at w- (z —2).
Etec.

One may wonder why the warmth clock must be initialized to a
fixed value for every input. Why not allow the clock to be set after
seeing the input? For example, for ¢(z) = x? it would then suffice to,
upon seeing input z, set the clock to w - z. Suppose that you decide
that this is how you would like to engage in your warmth-monitoring,
and that ag is the ordinal you set the clock to upon seeing input .
Now let 8 be the least ordinal greater than each ay. It is then no
restriction for you to, instead, initialize your warmth clock to 8, and
then proceed as you desired and decrement the clock to «; upon seeing
input z. Requiring that the clock be initialized before seeing the data
helps to communicate, however, the fact that it must be possible for
a single problem-solver to properly set the clock for every input. It is
not good enough to have a function f such that for each input = there
exists a program that can compute f(x) as well as warmth-monitor it.

So long as a function has a warmth-monitoring degree, it is pos-
sible for there to be absolutely no surprise when computing it. 1 say
“possible” because even for f(x) = 2+ 7 one would be surprised if one
wrongly thought it should take one thousand steps. And although I
have only shown examples with warmth-monitoring degree as high as
w?, the hierarchy continues long past this: w®, w¥", etc., are part of
the hierarchy. What makes such functions warmth-monitorable is that
at each stage of the computation the warmth clock records how much
more thinking and decision-making is required, which is quantitatively
measured in terms of ordinals.

I do not claim that warmth-monitorability is an accurate descrip-
tive model of the way human problem-solvers actually acquire their
warmth-ratings when they are problem-solving. Rather, this notion
of warmth-monitorability motivates the idea that some problems are
intrinsically more difficult to accurately acquire incremental warmth-
ratings records, and that there is a positive correlation between the
warmth-monitoring degree of a problem and its difficulty for humans
to give incremental warmth-rating records.

I have implicitly been assuming that the problem-solver correctly
acquires programs computing the functions he intends to compute.



This hides at least two idealizations. One, the problem-solver might
not acquire the correct program; the program the problem-solver chooses
might compute some different function. Even so, such a program may
be useful to the problem-solver for solving the original function (the
original problem) at least in some cases (i.e., it may be a heuris-
tic). Two, given a problem-instance it is not always clear what is the
problem for which it is an instance? For example, given the problem-
instance of the coin problem (A coin collector is presented with a
bronze coin on which is written “450 B.C.”. He knows immediately
that the coin is a fake. Why?), what is the general problem? It is
entirely unclear. Fortunately it is not essential in the model to know
what the general problem actually is. The model presumes that the
problem-solver is running a program in the head on the input that is
the instance of the problem. The function that really matters is what-
ever function it is that that program is computing. It is ultimately the
warmth-monitorability of this function that is relevant, although it is
convenient to assume that this function is the same as the function an
instance of which the problem-solver is attempting to solve.

The Theory

Why might a problem-solver fail to give incremental warmth-ratings
records? Why might the solution time come as a surprise to a problem-
solver? That is, why might there be eureka moments? There are at
least three reasons related to the intrinsic mathematical nature of
problems and their warmth-monitorability.

Impossible to monitor. First, the function the problem-solver is
computing might be of the mathematical nature that it is not possible,
even in principle, to have incremental warmth-rating records; the time
of solution might be guaranteed to be a surprise. This possibility is
motivated by the fact that it is a possibility for warmth-monitorability:
some computable functions are not warmth-monitorable at all. This
is a consequence of Theorem 9 in Changizi [3] which says that there
are computable functions outside the hierarchy of warmth-monitorable
functions. There are artificial extensions of my hierarchy that can be
concocted, but a result due to Feferman [6], Theorem 5.4) prevents
there being an extension that violates the truth of my claim. Some
problems, then, require a eureka moment to solve them, and this is
true whether the problem-solver is human or HAL from 2001: Space



Odyssey.

Difficult to monitor. Second, it may be possible to solve the prob-
lem with incremental warmth-rating records, thereby not experiencing
a eureka moment, but it may be too taxing to do so. This possi-
bility is motivated by the fact that for warmth-monitorability there
are functions with higher and higher warmth-monitoring degrees. At
some point in the hierarchy, human problem-solvers are likely to find
it too complicated to maintain warmth-monitoring—for example, for
problems with warmth-monitoring degree quantified by a tower of one
billion w’s.

Tricky to monitor. Third and last, it may be possible to solve
the problem with incremental warmth-rating records, and it may be
within the problem-solver’s ability to do so, but the problem-solver
may not know how to do so nevertheless because how to do so may
be far from obvious. This possibility is motivated by the fact that
for warmth-monitorability there are functions that are quite easily
warmth-monitorable, but it is not obvious that one can do so. Warmth-
monitorability does not entail that it is a simple matter to determine
the warmth-monitoring degree or the method by which to decrement
the ordinals. Similarly, the mere fact that it is possible to easily solve
a problem and report incremental warmth-ratings does not mean it is
easy to know how to do so.

My theory of the eureka phenomenon is this: Eureka moments—
operationally defined as the rapid rise in warmth-rating reports in
problem-solving just before or as the problem-solver arrives at what
he believes is the solution—are explained by the intrinsic mathemat-
ics underlying problems, and three possible related reasons for eureka
moments on a problem are that the problem is (a) impossible to mon-
itor, (b) difficult to monitor, and (c) tricky to monitor, as discussed
above.

The three parts of the theory—(a), (b) and (¢)—each make certain
predictions. (a) predicts that human problem-solvers will experience
eureka moments on problems that are impossible to warmth-monitor.
This is not easy to test since the experimenter must concoct prob-
lems that are both impossible to warmth-monitor yet simple enough
for subjects to solve. I have not found good candidate problems for
this yet. (b) predicts that for problems at some sufficiently high level
of warmth-monitoring degree, problem-solvers will be more likely to
experience eureka moments. I have found this difficult to test as well.



It might be that as long as the problem-solver knows how to monitor
it, he will do so provided it is below a certain threshold of difficulty.
If this were so, then experimenting would show no effect until the
threshold is reached. Furthermore, the threshold may be so high that
finding suitable problems for subjects is difficult. In this paper I do
not test (b) either. (c) predicts that problems that are easy but tricky
to warmth-monitor are likely to give problem-solvers eureka moments.
This is the most susceptible prediction to empirical test, and the ex-
periment aims to confirm this.

Successful confirmation via the experiment of this aspect of the
theory would only demonstrate that the theory is an explanation for
some cases of eureka moments. Since we will see that no other theory
explains these cases of eureka moments, successful confirmation of my
theory in this regard would argue that my theory is the best expla-
nation for some cases of eureka moments. In this paper I present no
data suggesting that my theory is able to explain all cases of eureka
moments; my theory may provide sufficient but possibly not necessary
conditions for eureka moments. This is a matter for future study.

With (c) above in mind, I invented two problems in arithmetic: a
not-tricky-to-monitor problem and a tricky-to-monitor problem. Ex-
cept for this difference the problems are similar in kind, in particular
their respective functions are similar in warmth-monitorability. The
not-tricky-to-monitor problem-instance presented to subjects is as fol-
lows:

x =1022. z := 7 (i.e., z is halved), and then z := z—1 (i.e.,
x is decremented by one). If you continue this (halving and
decrementing) there is a point at which 2 becomes less than
or equal to 0. When this first happens is £ < 0 or z = 17
Solve the problem by beginning with the first number and

modifying it as instructed until you find the answer.
The correct solution process goes as follows:
o 182 —511.

e 511 —1=510.

° %:255.
e 255 — 1 = 254.
o 204 — 197

2
o 127 —-1=126.



This is not tricky to monitor since although the problem-solver
may not know along the way what the answer will be, he knows that
he is nearing the solution since the numbers are inexorably getting
nearer to zero at which point he will learn whether the first such point
is < 0 or = 0. There is no surprise and the problem-solver is expected

20 =63

63 —1=62.
£ =31.
31 —1=30.
B =15.
15— 1=14.
Y=
7-1=6.
$=3.
3-1=2.
Z=1.
1-1=0.

Answer is 0.

to record incremental warmth-ratings.

The tricky-to-monitor problem-instance presented to subjects is as

follows:

The correct solution process goes as follows:

30

x = 55. « = 2z (i.e., v is doubled), and then z := z—1 (i.e.,
x is decremented by one). If you continue this (doubling
and decrementing), there is a point at which z becomes
less than or equal to 0. When this first happens is z < 0
or x = 17 Solve the problem by beginning with the first
number and modifying it as instructed until you find the

answer.

30 o _ 60
3_2'2_32'
60 _ 32 _ 28

32 32 7 32°

28 o _ 56
3_2'2_32'
56 _ 32 _ 24

32 32 7 32"

24 _ 48
32 2_32'

10



48 _ 32 _ 16

32 32 — 32°
16 _ 32
32 2_32'
32 _ 32 _
32 32—0

[ ]
[ )
e Answer is 0.

This is tricky to monitor since it is difficult for the problem-solver
to tell what is going on. The numbers are getting larger and smaller,
and then “out of the blue” it jumps all the way down to 0. There
are fewer steps required for this problem than the previous because
I found that subjects take longer to solve the individual steps of this
problem than in the other.

2 Experiment

Method

Materials: Subjects were given two sheets of paper stapled together
on which were written the not-tricky-to-monitor and tricky-to-monitor
problem-instances. Half of the subjects received papers with the not-
tricky-to-monitor problem-instance on the first page, and the other
half of the subjects received papers with the tricky-to-monitor problem-
instance on the first page. On each piece of paper were 56 boxes (in a
7 by 8 grid) large enough to be labeled with numbers from 1 through
10.

Subjects: The subjects were 88 students of computer science asked
to participate in a problem-solving experiment.

Procedure: The subjects were instructed similar to as in Experi-
ment 1 of Metcalfe [12]. They were told to begin on the problem on
the first page given to them, moving straight to the second problem
once finished. They were also told that every 15 seconds they would
be asked to write down a number from 1 through 10 in a box repre-
senting the degree to which they feel they are close to the solution (a
warmth-rating), where 1 means they have no idea what the solution is
and 10 means they know what the solution is. They were instructed
that if they ever wrote a 10 then that means they have completed the
problem. Subjects were also instructed to show their work and circle
their answer.

11



Results

I say that a subject’s data is “valid” if (i) the subject’s warmth-rating
protocol exists, is interpretable, and has at least four ratings before
the ‘10°, (ii) the subject’s answer and work are shown, and (iii) the
subject’s work indicates that the subject’s answer was acquired via the
“automatic” manner as directed (rather than an analytical solution).
Note that a subject may have arrived at an incorrect solution yet the
subject’s data be deemed valid. This occurs when the subject’s error
does not change the degree to which monitoring the problem-solving
is tricky. For example, if a subject divides 1022 by 2 and incorrectly
gets 510, but continues step by step until < 0, then there is, from the
subject’s point of view, just as much or little surprise at when the
solution comes.

Probability level p < .05 will be taken as the criterion for statistical
significance in this paper. No statistically significant differences were
found concerning the order in which the problems were presented to
the subjects, and I will not mention this distinction any further.

There were 65 subjects with valid data for the tricky-to-monitor
problem and 71 subjects with valid data for the not-tricky-to-monitor
problem. 59 and 56 of these were correct for, respectively, the tricky-
and not-tricky-to-monitor problems. The following was computed
for each set of data (valid and correct-valid): For each problem the
warmth-rating 15 seconds before the ‘10’ was recorded. A higher
warmth-rating at 15 seconds before the ‘10’ indicates a more incre-
mental warmth-rating protocol.

For each warmth-rating value of n (1 through 9) the relative fre-
quency that n occurred in a not-tricky-to-monitor problem was com-
puted from the data. The correlation was calculated comparing these
relative frequencies to the warmth-rating values. A positive corre-
lation means that higher warmth-rating (and thus more incremental
warmth-rating protocols) are more likely to be for the not-tricky-to-
monitor problem, and is what my theory predicts. The correlation
among valid data was .68 (t = 2.46, p < .05 on a two-tailed test), and
among correct-valid data was .60 (¢ = 2.00, p < .05 on a one-tailed
test).

Among the 55 subjects who validly answered both problems, for
the warmth-rating 15 seconds before the ‘10’ there were 28 subjects
with a smaller warmth-rating for the tricky-to-monitor problem, 9
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subjects with a greater warmth-rating for the tricky-to-monitor prob-
lem, and 18 subjects with the same warmth-rating. Under a sign test
this trend is significant (f = 2.63, p < .005 on a one-tailed test). Of
the 43 of these subjects who correctly answered both problems, the
three values are 17, 9, and 18, which is not significant < .05 (¢ = 1.37,
p ~ .086 on a one-tailed test) despite still trending as predicted.

Discussion

A eureka moment is not sufficient for insight. The tricky-to-monitor
problem-instance which leads to a eureka moment is by no means an
insight problem-instance (except where one defines insight as coex-
tensive with eureka moments). To solve it one need only continue to
double and decrement without thought, waiting until the result is less
than or equal to zero. Our pretheoretic notion of insight, however
slippery and vague, simply does not apply to this tricky-to-monitor
problem-instance.

Other theories are not complete. Many theories attempting to ex-
plain the eureka phenomenon postulate that a sort of leap occurs,
e.g., representation change [4, 7, 10, 15, 16], perceptual gestalt ground
reversals [5], and perceptual gap filling [8]. Other theories presume
that some sort of fixation is overcome [1, 5, 21, 22, 31]. The tricky-
to-monitor problem-instance is solved by no leap, as can be verified
by looking at the subjects’ work: they arrive at the solution in the
incremental fashion I gave earlier. There is also clearly no fixation
involved. Non-incremental warmth-ratings do not, then, imply non-
incremental problem-solving, which is one of the main theses of Weis-
berg [28, 29, 30, 24, 25, 26, 27] (see also Perkins [18]). Others explain
the eureka phenomenon through subconscious or non-reportable men-
tal processes [2, 17, 19, 32]; see Schooler et. al. ([19], p. 168) for refer-
ences to early such theories. Non-reportable mental processes do not
seem plausibly relevant for the tricky-to-monitor problem-instance.
Still other directions include the notion that the eureka phenomenon
is related to how unexpected the solution is [14], that it is connected
with a sort of nondeterminism in thinking [9], and that it is triggered
in part by external cues [11, 20, 23]. Again, none of these explana-
tions seem at all applicable to the tricky-to-monitor problem-instance.
Each of these theories therefore specifies conditions which, even if suf-
ficient for eureka moments, are not necessary for eureka moments; the
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theories are incomplete.

My theory is sufficient. My theory explains why there is a eureka
moment in the tricky-to-monitor problem-instance and why there is
not a eureka moment in the not-tricky-to-monitor problem-instance
via part (c) of the theory: problems for which it is not obvious how to
warmth-monitor are more likely not to acquire incremental warmth-
rating records. The experiment is therefore a confirmation of my the-
ory.

3 Conclusion

I have now demonstrated my three central claims: eureka moments
are not sufficient signs of insight, prior theories of the eureka phe-
nomenon are incomplete, and my theory claiming that eureka mo-
ments are caused, at least sometimes, by the underlying mathematics
of problems does explain the experiment and thereby receives some
measure of confirmation. At the level of speculation, perhaps the
strong link between eureka moments and insight problems is partly
explained by the fact that human problem-solvers successful at in-
sight problems sometimes implement programs in the head that carry
out computations that are either impossible, difficult, or tricky to
monitor.

It should be stated once again that I have operationally defined
the eureka phenomenon as those moments when warmth-ratings sud-
denly increase just before or as the problem-solver arrives at what he
believes is the solution. One may very plausibly complain that there
are affective features of true eureka moments that such an operational
definition does not capture, and that I have therefore not provided a
theory giving sufficient criteria for true eureka moments. This seems
to me a justifiable worry, and my conclusions should be considered in
its light. However, if the eureka phenomenon consists of more than
that of my operational definition of it, then, as far as I know, no theory
provides conditions sufficient to explain true eureka moments.
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